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Introduction

§1 Introduction

N. T. Cuong, S. Goto and H. L. Truong

The equality I? = qI in sequentially Cohen-Macaulay rings, J. Algebra,
(379) (2013), 50-79.

In [CGT],

@ Characterized the sequentially Cohen-Macaulay property of R (1)
where [ is an m-primary ideal.
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Introduction

§1 Introduction

N. T. Cuong, S. Goto and H. L. Truong

The equality I? = qI in sequentially Cohen-Macaulay rings, J. Algebra,
(379) (2013), 50-79.

In [CGT],
@ Characterized the sequentially Cohen-Macaulay property of R (1)

where [ is an m-primary ideal.

Question 1.1
When is the Rees module R(M) sequentially Cohen-Macaulay?
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Definition of seq C-M modules

§2 Definition of sequentially C-M modules

Let R be a Noetherian ring, M # (0) a finitely generated R-module with
d=dimr M < 0o. Then Vn € Z,

dM,, the largest R-submodule of M with dimpg M,, < n.

Let

S(M) = {dimgrN | N is an R-submodule of M, N # (0)}
= {dimR/p|p € Assp M}
= {di<da<---<dy=d}
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Definition of seq C-M modules

Let D; = My, for 1 <Vi < £. We then have a filtration
Dy:=(0)CD1CDyC...C Dy=M

which we call the dimension filtration of M. Put C; = D;/D;_; for
1 <Vi < /. Notice that dimg D; = dimg C; = d; for 1 < Vi < /.
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Definition of seq C-M modules

Let D; = My, for 1 <Vi < £. We then have a filtration
Dy:=(0)C D1 CDyC...CDy=M

which we call the dimension filtration of M. Put C; = D;/D;_; for
1 <Vi < /. Notice that dimg D; = dimg C; = d; for 1 < Vi < /.

Definition 2.1 ([5, 6])

(1) M is a sequentially Cohen-Macaulay R-module
£ ¢ is a &M R-module for 1 < Vi < /.

(2) Ris a sequentially Cohen-Macaulay ring

d . . . :
<e:f> dim R < oo and R is a sequentially C-M module over itself.
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Main results

§3 Main results

In this section

@ (R, m) a Noetherian local ring
@ M # (0) a finitely generated R-module with d = dimp M

o F ={F,}nez a filtration of ideals of R s.t. F] # R

M = {M, },ez an F-filtration of R-submodules of M
@ R = R(F) a Noetherian ring

@ R(M) a finitely generated R-module
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Main results

Let 1 <7< /. We set
D; = {M, N Di}tnez, Ci={[(M,ND;)+ D;i_1]/Di_1}nez.

Then D; (resp. C;) is an F-filtration of R-submodules of D; (resp. Cj).
We have the exact sequence

0— [Di—l]n — [’Dz]n — [C,]n — 0
of R-modules for Vn € Z. Hence
0— R('Di_l) — 'R(’DZ) — R(CZ) —0

0— RI('Di_l) — ’R/('Dz) — 'R/(Cl) — 0 and
0— Q(Dl-,l) — Q(DZ) — Q(Cl) — 0.

March 21, 2015
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Main results

Theorem 3.1
TFAE.
(1) R'(M) is a sequentially C-M R’-module.

(2) G(M) is a sequentially C-M G-module and {G(D;)}o<i<¢ is the dimension
filtration of G(M).

When this is the case, M is a sequentially C-M R-module.

Theorem 3.2

Suppose that M is a sequentially C-M R-module and Fy ¢ p for Vp € Assg M.
Then TFAE.

(1) R(M) is a sequentially C-M R-module.

(2) G(M) is a sequentially C-M G-module, {G(D;) }o<i<s is the dimension
filtration of G(M) and a(G(C;)) < 0 for 1 < Vi <.

When this is the case, R'(M) is a sequentially C-M R'-module.
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Graded case

94 Graded case

Let R =3, -, Ry be a Z-graded ring. We put

Fn:ZRk for Vn € Z.

k>n

Then F,, is a graded ideal of R, F = {F},},cz is a filtration of ideals of R
and F} := Ry # R.

Let £ be a graded R-module with E,, = (0) for ¥n < 0. Put
E(n) = Z E; for Vn € Z.
k>n
Then E, is a graded R-submodule of E, & = {E(;)}nez is an
F-filtration of R-submodules of F.

Then we have
R=G(F) and E=G(¢&).
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Assumption 4.1
e R= ano R, a Noetherian Z-graded ring

@ E # (0) a finitely generated graded R-module with
d=dimgp F < 00
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Proposition 4.2
TFAE.
(1) R/(E) is a sequentially C-M R'-module.

(2) E is a sequentially C-M R-module.

Theorem 4.3

Suppose that Ry is a local ring, E is a sequentially C-M R-module and
Fy ¢ p forVp € Assg E. Then TFAE.

(1) R(E) is a sequentially C-M R-module.

(2) a(C;) <0 for1 <Vi<U/.
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Application

§5 Application —Stanley-Reisner algebras—

Notation 5.1

o V={1,2,...,n} (n > 0) a vertex set

©

A a simplicial complex on V' s.t. A # )

F(A) a set of facets of A

m = 4F(A) (> 0) its cardinality

® S =k[X1,Xo,...,X,] a polynomial ring over a field k

IA:(XhXiQ-“XZ’T‘{i1<i2<"'<ir}¢A)

©

R = k[A] = S/Ia the Stanley-Reisner ring of A
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Application

We consider the Z-graded ring R = k[A] =3, -, Ry, and put

In::ZRk:m” for Vn € Z

k>n
wherem:= R, =5 R, Then F = {I,},¢z is an m-adic filtration of
Rand I # R.

Proposition 5.2
If A is shellable, then R'(m) is a sequentially C-M ring.
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Application

Notice that

p 21 for Vp € AssR <= F # () for VF € F(A)
— A # {0}.

Theorem 5.3

Suppose that A is shellable with shelling order Fy, Fs, ..., F,, € F(A) s.t.
dimF} > dim F, > --- > dim F,,, and A # {(}. Then TFAE.

(1) R(m) is a sequentially C-M ring.

(2) dim F; > ﬁf(<F1,F2, e 7Fz‘—1> N <Fz>) for 2 < Vi <m.
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Application

By Theorem 5.3 we get the following.

Corollary 5.4

Suppose that dim F,,, > 1. If (F1, Fy, ..., F;_1) N (F;) is a simplex for
2 < Vi <m, then R(m) is a sequentially C-M ring.
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Application

Example 5.5

Let A = (Fy, Fy, F3), where F; = {1,2,3}, F5 = {2,3,4} and
F3 = {4.5}. Then A is shellable with numbering F(A) = {F1, F>, F5}
and

(F1) N (F2), (F1,F2) N (F3)

are simplexes, so that R(m) is a sequentially C-M ring.

March 21, 2015
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Application

Example 5.6

Let A = <F1,F2,F3,F4>, where F} = {1,2,5}, = {2,3}, F; = {3,4}
and Fy = {4,5}. Then A is shellable with numbering

]:(A) = {Fl,FQ,Fg,F4}. We put A = <F1,F2,F3>, Ny = <F4> Then

ﬁ./—"(Al QAQ) =2=dim Fy + 1 > dim Fy,

so that R(m) is NOT a sequentially C-M ring by Theorem 5.3.
1
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Application

Thank you so much for your attention.
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